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Abstract
We study a classical bilocal field theory perturbatively up to second order.
The chosen theory is the simplest which incorporates action-at-a-distance, while
keeping non-local effects short-ranged. We show that the new degrees of freedom
introduced by bilocality can be interpreted as gravitational degrees of freedom in
the following sense: solutions of the bilocal system at linear and second order con-
tain as a subset, gravitational perturbations (spacetime fluctuations) also to that
order. In other words, gravity can be thought to originate in a bilocal field theory.
We examine potential implications.
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2
1 Introduction
It has been convincingly argued by many authors that there is a theoretical (an practical)
impossibility of resolving two close by spacetime points beyond a minimum length scale,
often chosen as the Planck scale [1, 2, 3, 4]. This in turn suggests a fundamental non-
locality of spacetime [5]. This idea is supported by the fact that many fundamental
theories of quantum gravity are also non-local, most notable being string theory, but
also spacetime foam, fuzzy spaces or non-commutative spacetime [6, 7, 8, 9]. It has also
been conjectured for a long time that gravity is a low energy emergent phenomenon (e.g.
[10]). Therefore, it is natural to ask whether gravity can arise as an effective theory from
an underlying non-local field theory, even at the classical level. This possibility was first
considered in [11] and is further explored in this article.
Since non-locality violates causality, one of the basic tenets of relativity, and verified
to a high degree of accuracy to distance scales of about 10−19 m ≈ (1 TeV )−1, one
requires any reasonable non-local theory to show non-local effects at shorter distances,
and also controlled by a tunable parameter which in a certain precise limit renders the
theory local. Subject to this requirement, several possibilities exist. For example, one can
consider theories defined on fuzzy geometries instead of manifolds, with a parameter N
which makes the theory local in the large N →∞ limit1 [8]. A second way of introducing
non-locality is to have fields depending on more than one spacetime point. These so-
called multilocal theories can be bilocal, trilocal, tetralocal and so on. We explore this
option in this paper, in particular bilocal field theories. Our bilocality is genuine in
the sense of action-at-a-distance, and as mentioned earlier, short-ranged. Be aware that
our analysis is not restricted to bilocal theories but will also apply to non-local theories
which lead to an effective bilocality when suitable degrees of freedom are integrated out.
In our model the scale α, with units of mass, is the ‘non-local parameter’, with α→∞
recovering locality2.
In an earlier paper [11], we studied a bilocal model of this type (without self-
interactions) and found that their massless solutions matched gravity waves. In this
article we solve a bilocal model with a quadratic vertex and we compare its massless
solutions with those of gravity perturbatively. We show that at linear order it repro-
duces gravity waves, see equation (4.16), and the second order, the bilocal contribution
1In the fuzzy sphere case, N parametrizes the dimension of the irreps of SU(2) whose matrices play
the role of spacetime (non-commutative) variables.
2When comparing to gravity, we assume α ∼ G−1/2, where G is the Newton constant.
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encodes second order contributions of gravity in the Lorentz gauge, cf. the relations
(5.6). We conjecture that what appears to be this straightforward yet highly non-trivial
correspondence to hold to higher orders as well. We work in four dimensional spacetime,
although there seems to be no obstruction in generalizing our analysis to an arbitrary
dimension.
Several points may be noted here. First, one is describing a spin-2 local field theory
by means of a a specific spin-0 bilocal theory, which although is minimal in some sense,
is not unique. Second, the equations and interaction terms do not at all look similar,
and as mentioned above, gravity solutions are reproduced in the specific Lorentz gauge;
other bilocal theories will presumably yield gravity in other gauges. Third, bilocal field
theories of this type were first studied by Yukawa in a series of papers, with the aim of
describing mesonic excitations, with the two spacetime points the field depends on being
interpreted as the location of the quarks [12]. Similarly, the use of bilocal and trilocal
fields to explain confinement in hadrons became popular in the next couple of decades
[13, 14, 15], until the success of quantum chromodynamics made them go away.
In the context of the AdS/CFT correspondence (in the higher-spin version), bilocal
fields have also been reconsidered by Jevicki et al. during the last decade [16, 20, 21].
In those papers, the use of the collective field, which is bilocal, in the gauge side of the
correspondence was proven to be crucial for describing the physical degrees of freedom
of gravity and high spin fields in the gravity side. In fact, some of the ideas contained
in those papers have inspired us, especially the prominent role of the bilocal field in the
description of gravity. All along this paper we avoid (on purpose) a detailed connection
of our approach to holography, since we would like to stress that the dynamics of the
bilocal field is in itself rich enough to encode the dynamics of a gravitational and higher
spin fields. Nevertheless, the connection of our approach to holography and to the earlier
works above-mentioned is clarified in section 6.
The paper is organized as follows. To successfully compare bilocal theory with gravity,
we start by reviewing some basics of perturbation theory in section 2. In section 3 we
review the solutions for linear gravity and the second order contributions in the Lorentz
gauge. Section 4 contains the main results of the paper. In this section we introduce
the bilocal field and the bilocal model equations. We solve the model for the linear and
the second order in subsections 4.2.1 and 4.2.2 respectively. In section 5 we show how to
“extract” the perturbative gravity solutions from the bilocal ones. Finally, we summarize
our results and comment on future directions with this idea.
4
2 Revision of the perturbative method
Since we will compare bilocal theory and gravity perturbatively in this paper, we briefly
review the perturbative method in this section.
2.1 Perturbative models
As it is customary in perturbation theory, we assume that there exist a one-parameter
family of solutions Φ(κB), where κB is a parameter of the theory. We expand the solution
in powers of the (small) parameter κB as
Φ(κB) = Φ
(1) + κBΦ
(2) + κ2BΦ
(3) . . . . (2.1)
We write the bilocal model as
OΦ(κB) = V
(
Φ(κB), κB
)
, (2.2)
where O is a linear differential operator and V (Φ) stands for self-interactions, also ex-
panded in powers of kB. Then, equating the same powers of kB on both sides of Eq.(2.2),
one gets an infinite set of differential equations, one for each Φ(i), all linear, and each
of them sourced by lower order solutions. These equations can be solved in ascending
order, with first equation being
OΦ(1) = 0.
The method we have just sketched is quite general. In section 4 we will give a precise
form of the differential operator O and the terms in the expansion of V (Φ) for the bilocal
model we use.
2.2 Perturbative gravity
In this case, we start by assuming the existence of a one-parameter family of solutions
g(κ)µν to Einstein’s equations
Rµν − 1
2
gµνR + Λgµν = 8piGTµν .
The perturbation equations are generated as the Einstein’s equations are expanded in
powers of κ and the terms with equal powers are equated. In this paper, for simplicity,
we will consider pure gravity with no cosmological constant, i.e.
Gµν ≡ Rµν − 1
2
gµνR = 0 .
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Now, both the solutions and the ‘operator’ Gµν are expanded in powers of κ. Any
solution of the κ-family is expanded around the flat metric ηµν as
3
gµν(κ) = ηµν + κh
(1)
µν + κ
2h(2)µν + · · · , (2.3)
where h
(i)
µν are order i contributions to the solution gµν(κ) and are found as solutions of
some linear differential equations when solved in ascending order. To find out the tower
of equations that h
(i)
µν solves, we expand the Einstein’s tensor. This is done by writing
Gµν [ηab + κhab] = G
(0)
µν [ηab] + κG
(1)
µν [hab] + κ
2G(2)µν [hab] + · · · . (2.4)
A general order operator is then computed as
G(n)µν [hab] =
1
n!
dn
dκn
Gµν [ηab + κhab]
∣∣∣∣
κ=0
.
Performing expansions (2.3) and (2.4) and equating equal powers of κ we get the tower
of equations
0 = G(0)µν [ηab]
0 = G(1)µν [h
(1)
ab ], (2.5)
0 = G(1)µν [h
(2)
ab ] +G
(2)
µν [h
(1)
ab ], (2.6)
...
To find h
(2)
ab one must solve (2.6) with the linear solutions h
(1)
ab found by solving Eq.(2.5)
etc. G(1) is a linear differential operator. The operator G(2)[h] produces 24 terms which
are schematically either type h∂2h or type (∂h)2 with different index contractions. Then,
one computes G(2)[h(1)] by inserting the obtained solutions. Therefore G(2)[h(1)] is a
known function and then equation (2.6) is just a set of linear differential equations for
h(2). The solution will seed the third order perturbation equations, and so on. In this
way, one can find approximate solutions to Einstein equations by solving iteratively, a
set of linear differential equations.
3 Solutions of perturbative gravity
Starting with Minkowski space, one can find perturbative solutions of pure gravity. In
this section we will review the first and second order equations and solutions in the
3The parameter dimensional parameter κ is chosen such that κ =
√
16piG, where G is the Newton
constant.
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Lorentz gauge, since these will be compared to their bilocal perturbative counterparts.
The reader can find a complete analysis of these solutions in [22].
First order equations of Einstein gravity are well-known and lead to the gravitational
wave equations in an appropriate gauge, see for instance section 4.4 of [23]. Linearized
gravity equations (2.5) are of the form
−hµν + h αν ,µα + h αµ ,να − h,µν − hαβ,αβηµν + ηµνh = 16piGTµν . (3.1)
Note that in this section we will be writing hµν instead of h
(1)
µν in order to simplify no-
tation. Since we consider only pure gravity, Tµν = 0. Upon taking trace-reversed variables
h¯µν = hµν − 1
2
hηµν ,
equation (3.1) reads:
−h¯µν + h¯ αν ,µα + h¯ αµ ,να − h¯αβ,αβηµν = 0 . (3.2)
Next, imposing the Lorentz gauge condition
∂µh¯(1)µν = 0, (3.3)
reduces (3.2) to the standard wave equation
h¯(1)µν = 0 . (3.4)
Eq.(3.3) does not fix the gauge completely. The reason is that we can always gauge
transform hµν → hµν + ξµ,ν + ξν,µ with ξµ = 0 and (3.3) still holds [23].
Further, imposing the transverse-traceless gauge condition it can be shown that the
general solution of (3.4) can be written as
h¯(1)µν = <
(
Bµνe
iPx
)
, (3.5)
where Pµ is a null vector, and
B =

0 0 0 0
0 B+ B× 0
0 B× −B+ 0
0 0 0 0
 . (3.6)
After complete gauge-fixing, The two remaining degrees of freedom, B+ and B× corre-
sponding to the two polarizations, are true physical degrees of freedom.
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Although the second order equations (2.6) are quite involved, they once again simplify
greatly on gauge fixing. One treats the first order solutions (3.5) with (3.6), as sources
for the second order equations. Then in the trace-reversed coordinates and the Lorentz
gauge at second order
∂µh¯(2)µν = 0, (3.7)
we arrive at the equations
h¯(2)µν = −
1
2
Tr(B2)PµPν exp[i2Px], (3.8)
where B is the polarization matrix (3.6).
It can be shown [22] that the monochromatic wave solutions of (3.8) are
h¯(2)µν = <
[(
aµν + ibµν
Jσx
σ
JσP σ
)
exp[i2Px]
]
, (3.9)
where Jσ is an arbitrary four-vector, and
aµν = − 1
16
Tr(B2)ηµν
bµν =
1
8
Tr(B2)PµPν . (3.10)
4 Bilocal model
Next, we turn to the bilocal fields. The bilocal model we consider here is similar to
those proposed in [12, 13, 14, 15] for the description of hadrons. However, the important
difference is that our model is adapted to accommodate massless solutions, which were
not studied before. As we shall see, this is nevertheless crucial for the connection with
gravity.
4.1 Bilocal field
The basic object of a bilocal model is the bilocal field
Φ¯(x, y),
which as indicated, depends on two points of spacetime as opposed to a single point as
in local theories. It is useful to work in the ‘more physical’ center of mass (CM) and
relative coordinates. The former is defined as:
Xµ =
1
2
(xµ + yµ),
8
and are the ones that are observable at large distances and survive in the local limit.
The relative or internal coordinates on the other hand represent the distance between
x and y. Here we define the Euclidean version of this coordinate as follows:
rµ = (xµ − yµ)E, r2 = rµrνηµν ≥ 0 . (4.1)
This avoids physical inconsistencies associated with having ‘two times’, as well as the
violation of causality, which would accompany action-at-a-distance in Lorentzian internal
coordinates.
Also note that issues related to causality may indeed arise if non-local effects are observed
at low energies. However in the solutions of our bilocal model, there is a Gaussian term
e−
α2
2
r2 which suppresses nonlocal effects for positive r2, which is indeed the case for
Euclidean relative coordinates. A Minkowskian relative coordinate on the other hand
would have a growing time mode leading to unphysical solutions. The Wick rotation in
the relative coordinate cures this problem. Such a rotation can also be seen as a canonical
transformation of the initial variables (xµ + yµ, xµ − yµ) which leads to an equal-time
constraint; details of this procedure can be found in [17] for the case of massive solutions
and [18] for a general treatment which includes the massless sector 4.
We now write the bilocal field in terms of these new coordinates:
Φ(X, r) = Φ¯(x, y).
As is customary, we will consider the bilocal field symmetric under the exchange x↔ y.
That is, Φ¯(x, y) = Φ¯(y, x) or equivalently,
Φ(X, r) = Φ(X,−r). (4.2)
This ensures that neither of the internal points x or y is preferred, and that physics is
invariant under their interchange. Note that this symmetry is not always imposed for
bilocal fields. In the context of vector models, the symmetry is usually absent whereas
for fermion fields (in the SYK context) the field is antisymmetric under the exchange of
x and y. In addition to the perturbative expansion (2.1), the bilocal field functions may
now be expanded around locality as
Φ(i)(X, r) = φ(X)(i) +H(i)µν r
µrν +D(i)µνσρr
µrνrσrρ · · · , (4.3)
4 A general discussion of how to obtain a theory with one time coordinate out of a theory with two
times is contained in in [19] and references therein. Euclidean internal coordinates for the bilocal field
were also used in the context of AdS/CFT [16], although in that paper the CM coordinates were also
Euclidianized for an Euclidean path integral formulation.
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where
φ(i)(X) ≡ Φ(i)(X, 0)
H(i)µν (X) ≡
1
2
∂µ∂νΦ
(i)(X, r)
∣∣∣
r=0
D(i)µνσρ(X) ≡
1
4!
∂µ∂ν∂σ∂ρΦ
(i)(X, r)
∣∣∣
r=0
... (4.4)
We see that the effect of the bilocal field is to bring in new degrees of freedom, namely
the dependence of the field on the relative coordinates. They result in an infinite tower
of high (even) spin fields H
(i)
µν (X), D
(i)
µνσρ(X) . . . , as seen in (4.4). We will show in Section
5 that, at least up to second order, gravity is encoded in these extra degrees of freedom.
We would like to clarify that those fields do not correspond one-to-one to the physical
gravity and higher spin fields. As already noticed in the earlier paper [16], the relation
seems non-local. Specifically, the physical gravity field will not be identified with Hµν
but with a suitable linear combination of the field expansion. In this work, we work out
the specific relation between the bilocal field and gravity at the linear and second order
in the perturbative series. We do not provide a general prescription for the identification
at higher orders although we give enough evidence of its plausibility.
We mention here that since self-interacting terms of the bilocal field induce interactions in
the higher spin fields, and that theories describing such fields in flat spacetimes (namely
the Fronsdal’s program) present apparent inconsistencies beyond cubic vertices, one may
be concerned thats similar inconsistencies may also arise here 5. However, note that a
crucial assumption in those theories is locality, which restricts the number of derivatives
of the fields in the Lagrangian, and dropping locality leads to a possible breakdown
of causality. On the other hand in our case, the locality assumption should not be
considered, since micro-causality is already violated by the nonlocal nature of the bilocal
field. Therefore, the aforementioned inconsistencies do not arise in our case. Nonetheless,
we believe that this is an important point worth investigating further.
5See [25] for a discussion on the consistency of Fronsdal’s approach.
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Figure 1: In the point particle picture, the bilocal equations describes the motion of a
bound system of two particles. The equations (4.5) and (4.6) translate into a harmonic
instant interaction between the two particles.
4.2 Bilocal equations
The classical bilocal scalar field model we are considering (similar to other models [13,
14, 15]) consists of two equations:(
+r − α4r2 + 8α2
)
Φ(X, r) = V (Φ) (4.5)
∂
∂Xµ
(
∂
∂rµ
+ α2rµ
)
Φ(X, r) = 0, (4.6)
where  and r are the d’Alembertians associated with coordinates Xµ and rµ respec-
tively. The parameter α has dimensions of mass and controls bilocality, in the sense that
locality is recovered as α→∞. Equations (4.5) and (4.6) could be derived from an ac-
tion, as done for a similar (although non-interacting) model in [26]. A bilocal Lagrangian
will be necessary, in a future work, when comparing the bilocal theory and gravity at the
level of actions. In this paper we explore and connect the respective spaces of solutions,
for which we just need the equations of motion.
Note that Eq.(4.5) is dynamical whereas Eq.(4.6) is a constraint, as can be guessed
at first sight since eq. (4.6) only involves first derivatives of the CM coordinates. We can
see from the equations (4.5) and (4.6) that the model has the minimal ingredients to be
short-ranged as well as genuinely bilocal. The term α4r2 in Eq.(4.5) forces short-ranged
non-locality, since it makes the general solutions of the model have a Gaussian decay
factor in the relative coordinates.
It is easier to understand the implications of these two equations if we shift for a
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moment from the field theory to a point-particle description (Fig.1). In this figure, we
see the worldlines of the two-particle system that the model describes. Parameters τ1
and τ2 are their respective proper times. Now, equation (4.6) is derived from the simple
kinematical relation r·(v(τ1)+v(τ2)) = 0, which is independent of the reparametrizations
of τ1 and τ2. This geometrical constraint implies a condition τ1(τ2), which in turn im-
plies an action-at-a-distance between the two particles [24]. In summary, Eq.(4.6) serves
to identify the proper time corresponding to the points x and y, which in turn ensures
an action-at-a-distance. Note that different constraints (and so different actions-at-a-
distance) could have been chosen 6. Eq.(4.5) and Fig.1 show that the particles interact
as if linked by a spring, with the spring constant controlled by parameter α.
It is generally accepted that gravitons are massless. Thus, we will study the general
massless solutions of the model (4.5) and (4.6) in the next section, and we will show
how they naturally encode gravitational waves at linear order and reproduce the second
order gravity solutions as well.
4.2.1 Solutions to linear order
To first (linear) order, we have from Eqs.(4.5) and (4.6),(
+r − α4r2 + 8α2
)
Φ(1)(X, r) = 0, (4.7)
∂
∂Xµ
(
∂
∂rµ
+ α2rµ
)
Φ(1)(X, r) = 0. (4.8)
Note that the model is slightly different7 to the one we used in [11]. The small changes
in the equations, that translate into the shape of the solutions (the matrix C¯µν which
carries the internal degrees of freedom no longer appears in the exponential, see Eq.(4.9)
below), are chosen for the model to be adapted to higher orders in perturbation theory.
In other words, the model used in [11] works perfectly fine for linear order, whereas
the slightly modified model we propose here is valid for the comparison with gravity at
6See [24], for a comprehensive analysis of these constraints. When comparing with gravity, the
constraint equation translates into the Lorentz gauge. It seems reasonable to associate the arbitrariness
of the choice of constraint with the freedom of choosing different gauges in gravity.
7Terms in (4.8) are summed instead of subtracted. This modification is irrelevant in [11] but it is
necessary in the present context in order to keep the solutions short-ranged with the spacetime signature
(−,+,+,+). The addition of the constant term 8α2 is necessary to keep the general solutions as (4.9),
well adapted to seed higher order contributions. Note that the factor 8 would change into d + 4 in a
d-dimensional spacetime.
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linear and higher orders. The existence of a bilocal model adapted to describing gravity
at linear order [11], whereas not suitable for higher orders may reflect the especial role
of linearized gravity as a complete theory in its own.
Let us take the ansatz
Φ(1)(X, r) = rµC¯µνr
νe−
α2
2
r2eiPX , (4.9)
where C¯µν is an yet undetermined 4 × 4 matrix. The momentum Pµ is a 4-vector with
dimension of mass.
Substituting (4.9) into (4.7) leads to
2ηµνC¯µν − P 2rµrνC¯µν = 0 (4.10)
and substituting (4.9) into (4.8) leads to
P µC¯µνr
µ = 0. (4.11)
Now, since the above conditions should hold for all rµ we see that equations (4.7)
and (4.8) imply
ηµνC¯µν = 0, (4.12)
P µPµ = 0, (massless) (4.13)
P µC¯µν = 0. (4.14)
From Eq.(4.12) and the symmetric nature of ηµν it follows that C¯µν is symmetric as well.
Then it follows from Eqs.(4.12) and (4.14), that the general solution (4.9) is of the form
C¯µν = Cµν + cPµν , Pµν ≡ PµPν
p2
, (p2 = P 20 ), (4.15)
where Cµν is a symmetric matrix. The matrix elements Pµν are defined in (4.15) to be
dimensionless. From eq. (4.12), we see that all solutions with shape (4.9) are massless,
a condition that will extend to the higher spin fields. Massive solutions would require a
modification of (4.7), namely changing the 8 factor in 8α2.
Next, without loss of generality, we choose a set of coordinates such that direction of
propagation of the CM, Pµ, is parallel to the z-axis. In these coordinates we have the
general solution
C¯ =

c 0 0 c
0 a b 0
0 b −a 0
c 0 0 c
 , C =

0 0 0 0
0 a b 0
0 b −a 0
0 0 0 0
 , (4.16)
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where c, a, b are real constants. From the ansatz (4.9) we see that the parameter α
measures non-locality. The limit
lim
α→∞
α√
2pi
e−
1
2
α2x2 = δ(x),
applied to each coordinate, implies that the relative dimensions vanish for large α. So,
in the limit α→∞ the space of relative coordinates shrinks and one is left with a local
theory. We see that the parameter α is a measure of locality in the model, and that the
theory is more local with increasing α. Also the perturbative expansion driven by KB,
is performed around locality. Then since α is the only parameter of the theory, KB must
be related to it by KB = (1/α)
m for some positive m. One thus expects the perturbative
expansion in the bilocal model to work well for large α.
4.2.2 Solutions to second order
The most natural second order term for V (Φ) in bilocal theories is of the form
V (2)(x, y) ∼
∫
Φ(1)(x, z)Φ(1)(y, z). (4.17)
This is because the interaction term must be bilocal and must involve two copies of Φ(1).
From (4.17), it is straightforward to see that V (2)(x, y) = V (2)(y, x), as it should be for
consistency.
Explicitly, the bilocal equations to second order we consider are(
+r − α4r2 + 8α2
)
Φ(2)(X, r) = e
α2
2
r2
∫
Φ¯(1)(x′, z)Φ¯(1)(z, y′)dz, (4.18)
∂
∂Xµ
(
∂
∂rµ
+ α2rµ
)
Φ(2)(X, r) = 0 (4.19)
where Φ¯(1)(x, z) ≡ Φ(1)(X, r) and Φ(1)(X, r) are the solutions of the first order equations
(4.9) with (4.16). The points x′, y′ of (4.18) are defined as
x′ + y′ = x+ y, x′ − y′ = 2(x− y), (4.20)
which gives
X ′ = X, r′ = 2r. (4.21)
The specific form of the RHS of (4.18) is explained as follows. The prefactor e
α2
2
r2
serves to force Φ(2)(X, r) ∝ e− 12α2r2 , as Φ(1)(X, r) does. So the global solution, Φ =
Φ(1) + κBΦ
(2) + · · · has an overall Gaussian decay e− 12α2r2 . This condition for the global
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solution, which does not seem essential but simplifies the treatment when compared to
gravity, could apply to every higher order interacting terms resulting in similar pre-
factors 8. The change of coordinates (4.21) is necessary to assure that the the second
order solutions are Φ(2)(X, r) ∝ P (4)(r)e−α22 r2 , as we will see later. As shown in section
5, the details of the polynomial P (4)(r) will eventually encode h¯
(2)
µν . The same happens at
first order where Φ(1)(X, r) ∝ P (2)(r)e−α22 r2 , and P (2)(r) encodes gravitational waves. In
general, we propose to constraint the higher order interaction terms so that Φ(n)(X, r) ∝
P (2n)(r)e
−α2
2
r2 , and then the contribution h¯
(n)
µν can be read from P (2n)(r). This will result
into an essentially unique shape for V (φ) which could encode the exact gravity self-
interacting terms.
One can compute the integral that appears on the RHS of (4.18), we do it in Appendix
A. In that calculation we see that the integral splits as
I ′(X, r) =
∫
Φ¯(1)(x′, z)Φ¯(1)(z, y′)dz = I ′(r)ei2PX . (4.22)
Next, we plug in the ansatz
Φ(2)(X, r) =
[
A(r) +
1
2i
Bσ(r)Xσ
]
ei2PX , (4.23)
with A(r) and Bσ(r) real, into (4.18). Notice that the 4-vector Pµ is the same as
introduced for the linear solutions. So P 2 = 0 and the second order contribution is
also massless9. It results in
e
α2
2
r2I ′(r) =
(
r − α4r2 + 8α2
)
A(r) +B(r), B(r) ≡ PσBσ(r) (4.24)(
r − α4r2 + 8α2
)
Bσ(r) = 0 (4.25)
while plugging in the ansatz (4.23) into Eq.(4.19) yields
(∂µ + α
2rµ)B
µ(r)− 4P µ(∂µ + α2rµ)A(r) = 0, (4.26)
P µ(∂µ + α
2rµ)B
σ(r) = 0. (4.27)
Since Eqs.(4.25) and (4.27) involve only the function Bσ(r), we solve them first. It can
be shown that the function
Bσ(r) = e−
α2
2
r2
(
Bσ0Pµν +B
σ
1Cµν
)
rµrν , (4.28)
8In the absence of the prefactor, one has Φ(2)(X, r) ∝ e−α2r2 , and subsequent orders in the pertur-
bative expansion would have different (sharper) Gaussians. As mentioned above, since this does not
affect the treatment in an essential way, we will consider dropping this factor in future works.
9The same will happen for higher order contributions, which are plane waves ei3PX , ei4PX , . . . in the
CM coordinates.
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where Bσ0 and B
σ
1 are constant vectors, solves both equations. There is an abuse of
notation in eq. (4.28) since at this stage, Cµν need not be the same matrix as the one
at linear order. It will need to coincide later though, as we use the other two equations.
Now, since Eqs.(4.25) and (4.27) are identical to (4.7) and (4.8) for the r dependence,
the constraints (4.12) and (4.14) on the solutions are the same. Particularly P µCµν = 0,
which fact we have used in (4.28).
Next, let us find the function A(r). Plugging in Bσ(r) from Eq.(4.28) in (4.26), we
get
P µ(∂µ + α
2rµ)A(r) =
B0
2p2
(Pµr
µ)e−
α2
2
r2 , B0 ≡ PµBµ0 , (4.29)
where we have chosen10 Bσ1 so that B
σ
1Cσν = 0.
We assume the form
A(r) = A0r
2e−
α2
2
r2 + . . . (4.30)
where the dots are terms that vanish under the action of P µ(∂µ +α
2rµ) and that will be
fixed later. Substituting this into Eq.(4.29), one arrives at the condition
A0 =
B0
4p2
, (4.31)
remind that p2 = P 20 .
Let us find the functions A(r) and B(r). In order to determine A(r) we must solve
(4.24) and use the precise function I ′(r) shown in (A.7). To simplify notation, let us call
K =
pi2
α8
e−
p2
2α2 . (4.32)
Comparing terms in (4.24), functions (4.28) get fixed as
B(r) = PσB
σ(r) = 2K(α2 − p2)
(
cCµν − c2Pµν
)
rµrνe−
α2
2
r2 , (4.33)
and
A(r) = e−
α2
2
r2K
[
J(Pr)2 +
c2
2
(α2 − p2)r2 − 1
4
α2(Cµνr
µrν)2 − c
2
4
α2(Pr)4
− c
2
α2Cµνr
µrν(Pr)2 +
c2
4α2
( p4
α4
− 6 p
2
α2
+ 3− 2(α2 − p2)
)
+
1
8α2
Tr(C2)
)]
,
(4.34)
10This restricts the space of solutions. We do not mind at this stage since we are not looking for the
most general second order bilocal contribution. It is enough for our purposes to find the set of bilocal
solutions that encodes the most general gravity solution of the same order.
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where J is an arbitrary constant. Therefore, functions (4.33) and (4.34), together with
(4.23) solve the second order equations (4.18) and (4.19) of the model.
5 Gravity from bilocality
Next we show that one can recover gravity solutions as a subset of the bilocal solutions we
found in the last section. First, at linear order, note that gravity solutions in the Lorentz
transverse traceless gauge (gravitational waves) are obtained from the bilocal general
linear solutions, (4.9) with (4.16), if we make c = 0. As mentioned in the introduction,
the bilocal model we are considering which has no gauge symmetry, corresponds to
gravity in the Lorentz gauge. However, the residual gauge of gravity seems not to be
fixed by the model. Taking the particular subset of the solutions c = 0 for the bilocal
fields corresponds to fixing the residual gauge in the gravity side.
Specifically, we have
h¯(1)µν (X) = <
(
∂µ∂νΦ
(1)(X, r, c = 0)
∣∣
r=0
)
= <(CµνeiPX), (5.1)
where we have identified the center of mass coordinates of the bilocal field with the
ordinary spacetime in gravity.
The set of bilocal solutions gets considerably reduced at second order with c = 0.
The Gaussian integral (A.4) is
I(X, r, c = 0) = ei2PXe
−α2
4
r2K
2
[
Tr(C2)− α2C2µνrµrν +
1
8
α4(Cµνr
µrν)2
]
, (5.2)
and
Bσ(r, c = 0) = 0. (5.3)
So, for c = 0, the second order solutions (4.23) simplifies to
Φ(2)(X, r, c = 0) = A(r, c = 0)ei2PX , (5.4)
with (4.34) turning into
A(r, c = 0) = e−
α2
2
r2K
[
J(Pr)2 − 1
4
α2(Cµνr
µrν)2 +
1
8α2
Tr(C2)
)]
. (5.5)
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The gravity second order contributions sourced by gravitational waves are reproduced
in the bilocal picture upon the identifications
aµν = −1
2
α2
K
A
(
0, c = 0
)
ηµν ,
bµν =
α2
K
(
∂µ∂νA
2(r, c = 0)
∣∣
r=0
+ α2A2(r, c = 0)ηµν
)
Bµν ≡ Cµν (5.6)
Note that the quantities on the LHS of (5.6) determine a general solution of gravity
up to second order, see (3.10). Relations (5.6) together with (4.15) for c = 0 are the
main results of the paper. They show that gravity solutions, at least up to the second
order contribution, are encoded in a subset of the bilocal solutions. This is a non-trivial
connection and it is likely to hold for subsequent orders in perturbation theory.
It is surprising that both theories match given that self-interactions in gravity are
driven by terms schematically of the form ∂∂hn whereas bilocal counterparts are
∫
Φn.
Technically, this is possible because of a peculiar behaviour of multivariable integrals of
Gaussians. In general, for any invertible d× d-matrix M and a polynomial P (r) on the
variables r1, . . . , rd, we have∫
P (r)e−
1
2
Mµνrµrνddr =
√
(2pi)d
detM
e
1
2
(M−1)µν∂µ∂νP (r)
∣∣∣
r=0
, (5.7)
where the exponential of the derivatives are understood as a power series. This identity
can be proved by an iterative integration by parts. Notice that all order contributions
Φ(i) will be of the form P (2i)(r)e−
1
2
α2r2 . Thus, a general interaction term will always
involve integrals of polynomials with Gaussians. As a physical consequence, the math-
ematical identity (5.7) is behind the connection between bilocal models and gravity we
are claiming.
6 Connection to holography
The connection between bilocal theories and gravity makes it possible to study gravity
(and quantum gravity once the bilocal theory is quantized) from a theory which does
not a priori have gravitational degrees of freedom. This resembles holography, where
gravity in d + 1 dimensions is recovered from a (conformal) non-gravitational theory
in d dimensions. We will sketch how this connection works 11, but before that, let us
11We leave a detailed analysis for a future work.
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point out some obvious differences between the two pictures. First, the bilocal model
is non-local whereas both sides in holography can be described by local theories, at
least in the regime where true stringy effects can be ignored, and one can consider
perturbative Einstein gravity on the gravity side, and a strongly coupled CFT with large
N U(N) gauge group on the gauge theory side (for AdS/CFT) 12. Second, in the bilocal
model, both the bilocal field theory and gravity are in d + 1 dimensions, in contrast
with holography, where the gauge theory is d-dimensional. Third, the bilocal theory is
manifestly non-conformal, since it involves the dimensional parameter α, which measures
the degree of non-locality. One advantage of our approach is that the ‘bulk spacetime’
need not be asymptotically AdS; in fact it can be asymptotically flat.
However, there is a double limit that can lead to a compatibility between the two pictures.
Let us consider
lim
α→∞
r→0
αr = λ, (6.1)
where r is the magnitude of the relative coordinate. In this picture it is convenient to
decompose the relative coordinate into its magnitude and angles, and the latter is used to
expand the bilocal field in spherical harmonics [16], which are considered internal degrees
of freedom. In this way, the bilocal field emerges as a theory in d + 1 dimensions, the
extra dimension being r. This very coordinate, r, was found to be proportional to the
radial coordinate of AdS4 in the most precise reconstruction of AdS from the collective
(bilocal) field in the CFT [21].
The parameter λ is dimensionless by construction, and could be interpreted as the
coupling constant of the theory that emerges at the limit. The limit theory is defined at
r = 0, so it is d-dimensional. It is local, since α→∞, and it is potentially conformal since
the coupling is dimensionless. It seems that the connection between the bilocal picture
and holography must be through the limit (6.1), which is tantamount to sticking to the
boundary theory in the context of holography. The bilocal construction and holography
seem perfectly compatible. Moreover, it is likely that starting from the bilocal field as a
fundamental object one could derive naturally holographic relations, a path that would
be interesting to explore in the future.
The reader may wonder about the singular behaviour of the solutions like (4.9) in
12Non-local effects are natural in the AdS/CFT correspondence in regimes where stringy effects in
the gravity side are relevant. However holography in its entirety implies non local effects. In another
example, higher spin theories in AdS (Vasiliev’s theory) which are supposed to be dual to vector CFT’s,
invariably involve non-local interactions. We thank the Referee for pointing this out.
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the double limit (6.1). It may seem that the solution would shrink to 0 in that limit.
However, note that solutions are not normalized. The dimension of the bilocal field
(which some authors take to be 2) should be matched by multiplying it with a suitable
power of α. Once the solution is properly normalized the limit is non-zero. We will
elaborate more on this in the future, during our proposed study of the problem at the
level of actions.
7 Summary and future works
In this paper we solve a bilocal model up to second order in perturbation theory. The
model we introduce is the simplest that fulfills the requirements of action-at-a-distance
and short range non-local effects. A subset of the linear and second order bilocal contri-
butions are found to encode those of gravity in the Lorentz gauge, a result that supports
the idea that full gravity is encoded in bilocal theories. This claim can be extended to
any non-local theory as long as it has a bilocal effective regime.
The comparison we have made between bilocal theories and gravity involves pertur-
bative solutions of both theories, which is why we needed to fix the gauge in the gravity
side. We believe that, in the next step, the statement that bilocal theories encode gravity
should be investigated at the level of actions. Finding the way bilocal actions relate to
gravity actions would be extremely clarifying. Some future lines of research regarding
the bilocal action are
• A salient feature of a gravity theory is diffeomorphism invariance. Therefore, a
bilocal action must recover that symmetry in certain limit. Although we do not
know details yet, it seems likely that the bilocal field needs to be promoted to a
maybe multilocal) Yang-Mills field with gauge symmetry, say, U(N). That symme-
try could provide (maybe at large N) a notion of invariance under diffeomorphisms.
This development would need a deeper understanding of non-local theories. For
example, it is not clear how to even gauge the bilocal theory, since the conventional
method of ‘gauging’ involves a notion of locality.
• The bilocal theory could be quantized using the path integral formalism. Bilocality
is expected to render the theory divergence-free. So, an understanding of how
bilocal and gravity actions relate to each other could bring some finite quantum
gravity computations.
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• The bilocal action should tell us the way the bilocal field couples to matter. Should
the other fields be local? Maybe bilocal as well? Besides, one would want to con-
sider the presence of a cosmological constant. Notice that the bilocal equations we
have studied in this article will hold if we change ηµν → g(A)dSµν for index contraction.
In the case of AdS, additional boundary conditions will be needed.
There are interesting questions regarding bilocal theories themselves, regardless of
their relation with gravity. For instance, does a generic non-local theory with a funda-
mental length scale have a bilocal effective regime? Under which circumstances? Not
much is known about generic non-local theories, but if we could prove that they behave
as bilocal theories in some regime, then we could study universal features of non-locality.
Particularly, if the claim we make in this article is true, gravity and its uniqueness could
be understood as a universal feature of any non-local theory.
Other questions can point at the relation between bilocal theories and string theory.
Specifically, we wonder if string theory has an effective bilocal regime reached as we
integrate out the degrees of freedom of the string (turning it into a spring) while keeping
its two end points. Note that the relation of string theory and multilocal theories was
investigated in [27], where the Nambu-Goto action was recovered as the multilocal theory
depends on infinite points.
It is possible that the bilocal picture in relation with gravity brings modifications to
General Relativity. Specifically those modifications that have to do with higher deriva-
tive terms in the gravity action. That is reasonably expected since the bilocal field is
equivalent to a an infinite tower of high spin fields. It will be interesting to explore that
connection and find possible deviations (perhaps testable) of General Relativity due to
bilocality.
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A Gaussian integral
Let us calculate
I(X, r) =
∫
Φ¯(1)(x, z)Φ¯(1)(z, y)dz (A.1)
with
Φ(1)(X, r) = eiPXrµrνC¯µν exp
[
− α
2
2
ηµνr
µrν
]
. (A.2)
Remember that r is Euclidean, so r2 = rµrνηµν ≥ 0. The product of two vectors is
always Minkowskian, that is, v ·w = vµηµνwν , although some vectors are Euclideanized,
like r. We will keep track of the Euclideanized vectors with the subscript E. Now, using
the variables X and r related to x and y as in (4.1) we may write:
Φ¯(1)(x, z)Φ¯(1)(z, y) = eiP ·zeiP ·Xexp
[−α2
2
ηµν
(
(x− z)µE(x− z)νE + (y − z)µE(y − z)νE
)]
× (x− z)µE(x− z)νEC¯µν(y − z)σE(y − z)ρEC¯σρ. (A.3)
We plug this into the integral and we perform the change of variables z → z +X, so we
have
I(X, r)
= ei2P ·X
∫
eiP ·zC¯µν(z − (x− y)/2)µE(z − (x− y)/2)νEC¯σρ(z + (x− y(/2)σE(z + (x− y)/2)ρE
× exp
[−α2
2
ηµν
(
(z − (x− y)/2)µE(z − (x− y)/2)νE + (z + (x− y)/2)µE(z + (x− y)/2)νE
)]
dz
= ei2P ·Xe
−α2
4
r2
∫
eiP ·ze−α
2z2E C¯µν(z − (x− y)/2)µE(z − (x− y)/2)νE
×C¯σρ(z + (x− y)/2)σE(z + (x− y)/2)ρEdz.
The integral is over the whole space, so zµ ∈ (−∞,∞). It is a multivariable Gaussian
integral and can be solved analytically. The result is
I(X, r) = ei2PXe
−α2
4
r2 pi
2
α8
e−
p2
2α2
[
c2
( p4
α4
− 6 p
2
α2
+ 3
)
+
c
2
Cµνr
µrν(α2 − p2)
+
c2
2
(Pr)2
(
1− α
2
p2
)
+
c2
16
(Pr)4
α4
p4
+
1
2
Tr(C2)− 1
2
α2C2µνr
µrν
+
1
16
α4(Cµνr
µrν)2 +
c
8
α4
p2
Cµνr
µrν(Pr)2
]
. (A.4)
The integral that appears in the model is a slight modification of I(X, r). It is
I ′(X, r) =
∫
Φ¯(1)(x′, z)Φ¯(1)(z, y′)dz, (A.5)
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with the variables
x′ + y′ = x+ y, x′ − y′ = 2(x− y)→ X ′ = X, r′ = 2r. (A.6)
It is straightforward to see that I ′(X, r) = I(X, 2r). Having this into account, we can
write the RHS of (4.18) as
e
α2
2
r2
∫
Φ¯(1)(x′, z)Φ¯(1)(z, y′)dz
= ei2PXe
−α2
2
r2 pi
2
α8
e−
p2
2α2
[
c2
( p4
α4
− 6 p
2
α2
+ 3
)
+ 2cCµνr
µrν(α2 − p2)
+2c2(Pr)2
(
1− α
2
p2
)
+ c2(Pr)4
α4
p4
+
1
2
Tr(C2)− 2α2C2µνrµrν
+α4(Cµνr
µrν)2 + 2c
α4
p2
Cµνr
µrν(Pr)2
]
. (A.7)
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